BACKGROUND: Simulation divergence due to the backflow through the outlet boundary is a common, but not fully addressed challenge in patient-specific simulations of the aortic valve flows. OBJECTIVE: The purpose of this study is to develop the outlet boundary conditions aiming to improve convergence of the patient-specific aortic valve computations and to control the backflow in the case of partial reversal of the flow through the outlet. METHODS: Haemodynamic analysis of the aortic valve flows governed by the Navier-Stokes equations is performed by using the finite volume method. The pressure distribution, obtained from the convergent computations driven by the outflow boundary condition, is approximated by the parabolic surface of revolution and prescribed on the outlet as the novel pressure boundary condition. RESULTS: Various types of outlet boundary conditions are investigated to evaluate their influence on the resulting backflows. The outflow boundary condition produces a smaller backflow than other investigated boundary conditions, but it causes the solution divergence. The proposed outlet boundary condition allows for continuing the solution and preserving the expected backflow. CONCLUSIONS: The proposed outlet boundary condition helps to achieve a convergent solution and to conserve the observed backflow by varying the convexity of the specified pressure surface.
Introduction
Cardiovascular diseases are responsible for over 17.3 million deaths per year [1] , therefore, great scientific effort is put into understanding the heart structure and function. The heart is a complex system governed by haemodynamics [2] , structural dynamics and electromagnetics [3, 4] . Despite significant advances in imaging modalities for studying cardiac haemodynamics, present-day in vivo measurement techniques can only resolve large-scale blood flow features [2] . Understanding the aortic valve flow patterns at physiologic conditions and scales sufficiently fine for establishing quantitatively the links between the aortic valve disease and patient-specific haemodynamics is still a major research challenge [5, 6] .
The approaches to the numerical analysis of the aortic valve can be broadly classified into two categories, including the approaches based on the fluid-structure interaction (FSI) and the approaches based on the prescribed heart motion. A number of methods have been proposed in the literature that compute the FSI of the aortic valve and the blood flow [7] [8] [9] . However, FSI computations require the profound knowledge of the complex tissue rheology, which is hardly possible to acquire in a non-invasive way [5] . The second approach neglects the interplay between the leaflets and blood, focusing on the peak and near peak systole phase of the cardiac cycle. The direct numerical simulation of the pulsatile flow through a bileaflet mechanical heart valve mounted in an idealized axisymmetric aorta geometry has been carried out by prescribing leaflet motion from the experimental data [10] . A series of the valve leaflet deformed geometries, from the valve opening to the valve closure, have been extracted from the finite element simulation and used to create a series of haemodynamic models in [11] . Various turbulence models and computational performance have been investigated by Stupak et al. [12] and Starikovičius et al. [13] , respectively.
CFD computations based on the geometry extracted from medical images seem to be well suited for patient-specific analysis and are compatible with clinical routine [14, 15] . However, patient-specific CFD simulation of the aortic valve flow requires accurate description of the flow boundary conditions [16] . Simulation divergence due to the backflow is a common, but not fully addressed, problem in the field of cardiovascular flow simulations. Backflow divergence can occur, when complex flow structures propagate to the outlet boundary. The local flow separation or flow recirculation is commonly caused by complex geometries such as aortic stenosis, large vessel curvature or increased cross sectional area. Geometric features can also cause vortex shedding and convection of vortices through the outlet faces, also leading to backflow divergence.
Simulation divergence due to partial reversal of the flow through the outlet requires careful consideration of the outlet boundary conditions. The simplest solution to the backflow issue is to artificially extend the vessel with a long, straight segment [5] , thereby dissipating the vortices before they reach the outlet. However, the addition of this segment creates an artificial and non-physiologic part in the computational domain and can cause a significant part of the computational domain to reside in regions of no interest. Another option is to add additional vessels to the model until the flow becomes unidirectional and the Reynolds number near the outlet is reduced [16] . This method significantly increases the model generation and computational costs. It can only be used in patient-specific cases if the image resolution is adequate enough to permit inclusion of additional levels of branching.
There have been different studies to resolve challenges associated with the outlet boundary conditions and backflows in computational haemodynamics. Formaggia et al. [17] have implemented a total pressure boundary condition by constructing a special formulation of the Navier-Stokes equations. The total pressure boundary condition has controlled the energy flux, entering and exiting the computational domain and thus has stabilized fluid dynamics problems by setting energy bounds. The weak formulation has been modified by adding a backflow stabilization term to the boundary nodes in [18] . In the work of Kim et al. [19] , an augmented Lagrangian method has been used to enforce the constraints on the shape of the velocity profile on the outlet or at the interface between the 3D computational domain and the downstream analytic domain. The quantitative comparison of three backflow treatment methods has been performed by Esmaily-Moghadam et al. [20] by using a single finite element code. However, some of the discussed approaches have required an unconventional formulation of the Navier-Stokes equations, which has led to significant development efforts. Moreover, in the case of commercial codes, only a standard set of boundary conditions is available and only standard types of boundary conditions can be easily implemented. 
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The paper presents the investigation of backflows and the outlet boundary conditions for computations of the aortic valve flows. The novel outlet boundary condition based on the specified pressure surface was developed to improve the convergence of the numerical solution and to control the backflow in the case of partial reversal of the flow through the outlet boundary.
Methods

Governing equations
A time-dependent laminar flow of viscous incompressible fluid is governed by the Navier-Stokes equations [5, 21] :
where u i denotes the velocity components; ρ is the density; σ ij is the stress tensor. In this paper, all governing equations are provided in the Cartesian reference frame, using index notation and usual summation convention. In the case of Newtonian incompressible fluid, stress tensor σ ij can be expressed by the formula:
where p is pressure (an independent variable); µ is viscosity; δ ij is Kronecker delta. The Newtonian flow model was considered, since the blood in the aorta and large arteries behaves accordingly [2, 5] . Thus, the blood was modelled as an incompressible Newtonian fluid with ρ = 1060 kg/m 3 and µ = 0.004028 kg/(ms).
Boundary conditions
The systolic phase of the cardiac cycle was simulated by applying a time-dependent velocity of the plug flow as the inflow boundary condition:
where n i denotes the components of the boundary normal vector; τ i are the components of the boundary tangent vector. The normal velocity component U (t) was defined by using the clinical Doppler measurements of a human subject and analytic approximations (Fig. 1 ). The measured velocity reached the maximal value of 0.65 m/s at t = 0.077 s, while the simulation time interval of 0.334 s was considered. All simulations started from a zero initial condition. The no-slip boundary conditions were prescribed for velocity on the aorta walls and leaflet surfaces:
Different types of outlet boundary conditions were considered in order to investigate their influence on the numerical solution. In all cases, the standard Neumann boundary conditions for velocities were defined on the outlet to allow vortices shed by the leaflets to exit the computational domain with minimal disturbances:
The so-called outflow boundary condition [22] is commonly used to model the flow exits in the cases, when the flow velocity and pressure at the outlet are not known prior to solving the flow problem. The required information is extrapolated from the interior of the solution domain, which results in zero diffusion flux. However, the outflow boundary condition usually leads to solution divergence in the case of backflows.
Alternatively, constant (usually zero) pressure is prescribed on the outlet boundary:
However, this boundary condition is not consistent with the nature of the physiological pulsatile flow through the aortic valve. Therefore, the time-dependent pressure values P W (t) can be computed by using the lumped Windkessel models [23] and prescribed on the outlet:
The three-element Windkessel model [5] was employed in the present work. Several sets of the parameters, such as the total arterial compliance, characteristic resistance and peripheral resistance can be considered to imitate human arterial systems [23] . It was observed that the Windkessel model Eq. (8) worked as the time-dependent reference pressure constant in the considered case of one outlet.
In general, all Dirichlet boundary conditions for the pressure can be written in a universal form as follows:
where the specified pressure function P can vary in space and time. However, non-uniform and time dependent pressure distribution is rarely prescribed on the outlet boundaries because of the complexity and unavailable experimental data. Some additional possibilities are available for the pressure boundary conditions (7) (8) (9) in the finite volume codes. It is possible to allow the pressure to vary along the outlet boundary, but maintain an averaged pressure equal to the specified value. For this boundary condition, the allowed pressure variation slightly diminishes the reflectivity of the boundary as compared with the uniform pressure specification. Another possibility is to take advantage of meeting the target mass flow rate. The simple Bernoulli's equation can be used to adjust the pressure on the outlet at every iteration. 
A geometric model of the aortic valve
A critical prerequisite for the patient-specific analysis of the aortic valve is the integration of the stateof-the-art clinical imaging with biomechanical computations. The geometric model was developed in order to simplify a mathematical description of the aortic valve by reducing the number of parametric curves and retaining the required accuracy. The 3D images of the aortic valve of a human subject were obtained by using the Philips iE33 ultrasonographic system in Centre of Cardiology and Angiology of Vilnius University Hospital "Santariškiu Klinikos". The MITK software (German Cancer Research Center, Heidelberg, Germany) was employed to extract the geometric parameters of the aortic valve from the obtained DICOM images. A 3D geometric model was constructed from the parametric curves [24] according to the obtained patient-specific geometric parameters. The surface of sinuses was represented by the extrusion of a curtate epicycloid (Fig. 2a) . Similarly, the analytical surface model of the valve leaflets was based on the hypocycloidal type surface of extrusion (Fig. 2b) . Figure 3 shows separate analytical surfaces and the final geometry of the aortic valve leaflets and sinuses. The NURBS shapes were generated by using the open source CAD software SALOME (OPEN CASCADE SAS, Guyancourt, France). Finally, the geometric model was imported into the ANSYS DesignModeler software [22] for mesh generation.
Results
Haemodynamic analysis of the aortic valve flow was performed to assess the effect of the outlet boundary conditions on the backflow features. The velocity and pressure fields in the computational domain can be strongly affected by the outlet boundary conditions [5] , therefore, various techniques including the proposed boundary condition were employed to handle the backflows occurring in the aortic valve flows. Time-consuming computations were performed by using the developed cloud software services [25, 26] based on ANSYS Fluent [22] . Figure 4 shows the distribution of the velocity on the outlet in the case of various boundary conditions. In Fig. 4a , The curves "p = 0-0.264", "Outflow-0.264" and "p = 0-AV-TQ-0.264" represent the values of the velocity component u 3 over the diameter of the outlet at t = 0.264 s obtained by using the zero pressure boundary condition, the outflow boundary condition and the zero pressure boundary condition with the enabled averaged pressure and the target mass flow rate corrections, respectively. Other relevant curves denote the values of u 3 at time instances t = 0.304 s and t = 0.328 s. For the first time, a very small backflow was observed at t = 0.264 s, while a significant backflow occurred near the end of the considered pulse wave at t = 0.328 s. It can be clearly seen that the backflow depends on the specified boundary conditions. The outflow boundary condition produced a much smaller backflow than the zero pressure boundary condition. Moreover, the averaged pressure and the target mass flow rate corrections slightly reduced the backflow yielded by the application of the zero pressure boundary condition. Figure 4b illustrates the phenomenon of partial reversal of the flow through the outlet and the significant backflow at t = 0.328 s in case of the zero pressure boundary condition Eq. (7). The outlet mesh is warped according to the velocity vectors computed on the outlet. Blue colours represent the backflow or the negative values of u 3 . Figure 5 shows pressure distribution over the diameter of the outlet at the time instance t = 0.224 s before the backflow occurs. The curves "Outflow", "p = const", "p = const-AV" and "p = const-AV-TQ" denote pressure values obtained by using the outflow boundary condition, the constant pressure boundary condition Eq. (7), the pressure boundary condition with the averaged pressure correction and the pressure boundary condition the averaged pressure and the target mass flow rate corrections, respectively. The main observation was made that the outflow boundary condition produced a nearly parabolic pressure profile over the diameter of the outlet. The averaged pressure correction, diminishing reflectivity of the boundary, introduced the convexity to the plane pressure distribution of the constant boundary condition, which tended to approach the nearly parabolic pressure profile yielded by the outlet boundary condition. The target mass flow rate correction reduced the pressure by a certain value in comparison with other boundary conditions.
In general, the outflow boundary condition is the most suitable for the aortic valve flows until the backflow occurs because it has the smallest impact on the upstream flow solution. However, in the investigated case, the solution based on the outflow boundary condition did not converge from the time instance t = 0.312 s. The following computational procedure was developed to solve the divergence issues. The computations were started by using the outflow boundary condition and were run until the backflow with the following convergence difficulties was observed. For the considered problem, the pressure values on the outlet were extracted from the convergent numerical solution and were approximated by the analytical parabolic surface of revolution known as a paraboloid [24] . Then, the outflow boundary condition was changed to the pressure boundary condition Eq. (9) of the parabolic shape to resume computations with the reduced sensitivity to the occurred backflow and the improved convergence. At each time step, the defined pressure surface could be adjusted by the time-dependent constant from the Windkessel model because of the pulsatile nature of the aortic valve flow. Moreover, the parameters of the analytical surface can vary in time to adapt the developed boundary condition to other transient phenomena. Different modifications of the described procedure were implemented in the user-defined function of ANSYS Fluent to ensure high universality and sufficient automation level. ing different variants of the proposed boundary condition. The curves "Outflow", "p = const", "p = prof" and "p = prof(t)" represent the pressure values obtained by using the outflow boundary condition, the constant pressure boundary condition Eq. (7), the time-independent analytical surface and the timedependent analytical surface, respectively. At t = 0.328 s, the solution obtained by using the outflow boundary condition did not converge, therefore, the resulting pressure distribution presented for comparison reasons was of the non-smooth oscillating character. The curve "p = prof(t)" denotes the outlet pressure values obtained in case of computations restarted at t = 0.304 s. The generated analytical surface Eq. (9) was adjusted by the time-dependent constant from the Windkessel model at each time step to follow the pulsatile flow character. The outlet pressure distribution obtained by using the time-dependent analytical surfaces was very close to that obtained by using the outflow boundary condition. Figure 7 shows the distribution of the velocity component u 3 on the line segment of the outlet near the wall, which reveals the dependency of the observed backflow on the specified outlet pressure surface at t = 0.304 s. The curve "Outflow" denotes u 3 yielded by the outflow boundary condition. Other curves "p = prof2(t)-x" represent u 3 values obtained using boundary conditions Eq. (9) defined the time-dependent analytical surfaces with various convexity values. The values 3.5 Pa, 6.9 Pa and 11.9 Pa denote average differences between the outlet pressure values on the aortic valve axis and that computed on the aortic walls. These differences can be considered as the parameters defining the surface convexity. The difference 6.9 Pa was obtained from the outlet pressure values yielded by the outflow boundary condition at t = 0.304 s. The values 3.5 Pa and 11.9 Pa represent minimal and maximal pressure differences observed during the simulated time interval in the outlet pressure surfaces. In the considered cases, computations were restarted at t = 0.200 s to investigate the influence of the proposed boundary condition during a sufficiently long time interval. It is natural that the analytical surface, generated according to the outlet pressure difference of 6.9 Pa, produced the backflow, which was very close to the backflow yielded by the outflow boundary condition. A smaller pressure difference resulted in a larger backflow, while a larger pressure difference of 11.9 Pa eliminated the backflow phenomenon.
Discussion
Different types of the outlet boundary conditions were investigated to evaluate their influence on partial reversal of the flow occurring in the patient-specific computations of the aortic valve. Traditionally,
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the outflow boundary conditions are used for modelling outlets with the unknown velocity and pressure distribution in order to allow the flow to exit the computational domain with minimal disturbances. In the considered problem, the outflow boundary condition initially produced a smaller backflow than other standard boundary conditions (Fig. 4a) , but eventually led to solution divergence because of the significant backflow at the end of the pulse wave. The pressure distribution very close to a paraboloid could be observed on the outlet. Moreover, the averaged pressure correction also introduced similar convexity to the uniform pressure distribution of the constant pressure boundary condition (Fig. 5) . To overcome the divergence problem, the outflow boundary condition was changed to the specified pressure boundary condition Eq. (9) with the analytically defined pressure surface and computations were restarted before the observed convergence difficulties. For the considered problem, the analytical paraboloid surface was fitted to the outlet pressure values of the numerical solution carried out by using the outflow boundary condition (Fig. 6) . The outlet pressure evolution in time can be specified by using the Windkessel model Eq. (8) and by varying the paraboloid parameters. It could be observed that the backflow (Fig. 7) depended on the convexity of the specified paraboloid. The outlet boundary condition based on the extracted outlet surface convexity produced a backflow, which was nearly identical to the backflow yielded by the outflow boundary condition. Moreover, the increased paraboloid convexity significantly reduced the backflow (Fig. 7) . It can be recommended to obtain the paraboloid convexity from the convergent numerical solution carried out by using the outflow boundary condition before the time instance, when convergence problems occur. It is worth noting that the proposed boundary condition helped to achieve a convergent solution until the end of the simulated time interval just slightly decreasing the convergence rate observed in the case of the outflow boundary condition leading to the solution divergence.
To the best of the authors' knowledge, no attempts of using the outlet pressure boundary conditions based on the paraboloid surface for the aortic valve flows have been reported in the literature. The proposed solution of the backflow divergence problem significantly differs from the attempts suggested by other authors. The proposed boundary condition is more universal than the augmented Lagrangian method [19] , causing predefined velocity profile, because it models a backflow as a naturally occurring physiologic phenomenon instead of preventing it. The implementation of pressure boundary conditions based on the analytical surfaces is much simpler than that of the unconventional weak formulations of the Navier-Stokes equations proposed by Formaggia et al. [17] and Bazilevs et al. [18] . In simple cases, the surface values can be simply read from files without changing the solver code. In more complex cases, requiring information from the continuing solution, the pressure surfaces can be generated in user-defined functions of the commercial finite volume codes as was the case in the present research. Thus, the proposed boundary condition can be easily implemented in any open source solutions and even commercial codes.
The developed boundary condition is targeted to avoid the simulation divergence due to partial reversal of the flow, when complex flow structures propagate to the outlet in the cases of the aortic stenosis, a large aorta curvature or the increased cross sectional area. The presented numerical approach has not been tested in the complex cases, when partial flow reversal turns into complete flow reversal, such that there is a negative flow over the entire outlet face. It would be difficult to predict and to approximate fast evolution of the complex pressure surface for a long time interval, which limits the application of the present approach. The authors intend to validate the backflow velocity obtained by using the proposed boundary condition against the velocity measurements performed by the magnetic resonance imaging in their further research. 
Conclusions
The novel outlet boundary condition was developed for aortic valve simulations to improve the convergence of the numerical solution and to control the backflow in the case of partial reversal of the flow through the outlet boundary. The magnitude of the observed backflow through the outlet depends on the specified boundary conditions. The outflow boundary condition has a smaller impact on the upstream flow solution and produces a smaller backflow than other standard outlet boundary conditions, but leads to the divergence of the numerical solution at the end of the pulse wave. The pressure distribution, observed in applying the outflow boundary condition, was approximated by the parabolic surface of revolution and prescribed on the outlet as the pressure boundary condition. The novel outlet boundary condition helps to achieve a convergent solution. The observed backflow can be conserved at the expected rates by varying the convexity of the pressure surface specified on the outlet.
